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Abstract--After p esenting the basic ideas of the characterization of symmetries of a "classical crystal" 
with its three-dimensional periodicity, approaches are discussed todescribing relevant features ofcertain 
crystal structures by additional symmetries. Application and usefulness of some conceptions of non- 
space-group symmetries are illustrated by examples. Polytype structures orOD structures in the sense 
of Domberger-Schiff arediscussed in more detail. 
1. INTRODUCTION: THE THREE-DIMENSIONALLY PERIODIC CRYSTAL 
The most impressive feature of a crystal is its regular external form: the plane faces, symmet- 
rically arranged. This regular shape of a crystal is caused by its regular inner structure. The 
arrangement of atoms, ions or molecules within a small part of a crystal is repeated again and 
again in all three dimensions of space. The periodicity of the atomic structure is considered as 
the characteristic property of a crystal. The corners and edges of a crystal may have been 
completely smoothed, for instance by mechanical treatment. The resulting ball-like body is still 
regarded as a crystal, if the regularity of the arrangement of atoms is preserved. 
Usually the content of a so-called unit cell, i.e. a cube, a cuboid or generally aparallelepiped 
(Fig. 1) is taken as representative for a crystal structure. Figure 2 shows a very simple example. 
The unit cell of potassium chloride is a cube with chlorine ions at the corners and a potassium 
ion in the centre. Unit cells may be much more complex. An example of an organic crystal 
structure is given in Fig. 3. In Sec. 3 an ytterbium complex is discussed, in which one molecule 
consists of 160 atoms, and any unit cell contains four molecules. Crystals of biological ma- 
cromolecular compounds, e.g. globular proteins, have thousands of atoms per unit cell. 
The size of a unit cell is very small. In the example of KCL, it is necessary to put side 
by side about two million unit cells in order to obtain a length of 1 mm. Thus, if one is not 
especially interested in surface phenomena of a crystal, it is justified to assume that the crystal 
structure is infinitely extended. Sy, mmetry of real things always includes certain idealizations. 
Small local deviations from three-dimensional periodicity and the thermal vibrations present in 
all solid matter are also disregarded, if we speak of (ideal) crystal structures. 
In order to express the regularity of a crystal structure in a strict mathematical way, 
symmetry operations are to be considered. These symmetries are motions, i.e. transformations 
of the three-dimensional Euclidean space U 3), leaving invariant all distances and angles. The 
set of all symmetries of a crystal structure consists of all motions of space bringing the structure 
into coincidence with itself. This set forms a group which is infinite because of the existence 
of translations among the symmetry operations. Other possible symmetry operations are rotations 
by certain angles, reflections in a plane and combinations of these motions with each other and 
with certain translations. Crystallographic space groups are defined as groups of motions of the 
three-dimensional Euclidean space E ~3~ with the condition that the subgroup of translations i
generated by three linearly independent translations. 
There are infinitely many crystallographic space groups. In order to work with them, they 
have to be sorted into a finite number of classes. The division into space-group types is most 
important among several useful classifications. Crystallographers often speak of space groups, 
if they have space-group types in mind. Two groups belong to the same space-group type, if 
they differ only with respect to the lattice parameters, i.e. with respect to the six metric parameters 
describing the size of the unit cell. Three parameters give the length of the edges and three the 
angles between the edges (Fig. 1). The importance of the classification of crystallographic space 
groups into space-group types follows from the fact that the symmetry of a crystal structure is 
uniquely characterized by its space-group type and its lattice parameters. The different space- 
group types are distinguished by appropriate symbols or by numbers. 
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Fig. 1. Possible unit cells of crystal structures. 
Up to now the crystal structures of more than 50,000 compounds have been deciphered, 
mainly by X-ray diffraction methods. More than 200 of the 230 theoretically possible space- 
group types actually have been observed. The symmetry data (space-group type, lattice constants) 
have been of great importance in crystal structure determination, for the characterization a d 
identification of crystalline material as well as the investigation of the physical properties of 
crystals. 
For most of the crystal structures, the description of symmetry by space-group type and 
lattice constants i  adequate. Nevertheless, in recent years a rising number of structures have 
been found for which a refinement of the symmetry description has turned out to be useful or 
even necessary. In the present paper, the notion of nonspace-group symmetry is used in a very 
general sense: it covers all regularities in crystal structures not described by lattice parameters 
and space-group type. 
2. GENERALIZATIONS OF SPACE GROUPS AND EXAMPLES OF 
NON-SPACE-GROUP SYMMETRIES 
In recent decades three generalizing conceptions of crystallographic symmetry theory have 
become of increasing interest, because it became possible to apply them to unusual crystal 
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Fig. 2, Unit cell of potassium chloride (KCI). 
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Fig. 3. Stereo plot of the packing of molecules C.,2H2~O3. Only the nonhydrogen atoms are given (after [1]). 
structures. In this section, the main ideas of these conceptions are given and it is shown how 
they can be used for a refinement of the symmetry description of certain crystal structures. 
2.1 Crystallographic symmetry in spaces of higher dimension 
The classical crystallographic space groups refer to the three-dimensional Euclidean space 
U 3~. The translations form an abelian subgroup of rank 3. Two possibilities for a generalization 
are obvious: spaces E ~"~ of dimension n different from 3 may be considered; over this the rank 
m of the translational subgroup may be less than the dimension of the space. The latter symmetry 
groups are known as partially periodic crystallographic groups. 
For m = n = 2, there are 17 essentially different wo-dimensional crystallographic sym- 
metry groups describing the possible symmetries of wallpapers. The 80 layer group types 
(n = 3, m = 2) were first described in 193012,3] and are of great importance for the study of 
polytypic crystal structures as discussed below. The crystallographic symmetry groups of the 
four-dimensional Euclidean space (n = m = 4) were investigated in the 1960s and 1970s. The 
derivation of the 4895 space-group types was the result of joint efforts of crystallographers and 
mathematicians[4]. 
Higher-dimensional groups (n > 3) have been applied to so-called composite crystals. 
Their atomic structure consists of subsystems with differing three-dimensional periodicities. 
Figure 4 shows a simple two-dimensional example. In direction a the two systems have equal 
periodicity, but not in direction b. Let b2 = r • b, be the relation between the periodicities in 
the two subsystems. Then commensurate and incommensurate cases are distinguished in de- 
pendence on the rationality of the parameter r. For a rational parameter r the structure is periodic 
in two dimensions with a special regularity of the distribution of atoms in the cell. This cell 
has been named supercell, because it describes the periodicity of both subsystems. If r is not 
rational, no supercell exists; no two-dimensional group describes the symmetry of the composite 
structure. It is, however, possible to treat the two-dimensional incommensurate structure in a 
three-dimensional space, the so-called superspace. In this space, a "supercrystal" is periodic 
in three dimensions and thus has a crystallographic symmetry group. The composite crystal 
itself is a two-dimensional section of the supercrystal (compare [5]). 
"Modulated structures" form another example of the application of higher-dimensional 
754 K. FICHTNER 
b l  
) 
t ° ° t 
b2 ~, 
Cl 1 • • • 
© © 
• • • • • 
0 0 0 0 
Fig. 4. Schematic example of a composite crystal with supercell. 
space groups to special crystal structures. Small deviations from the ideal periodic structure are 
disregarded by crystallographic space groups. If the deviations are randomly distributed, it is 
justified to ignore them. The situation changes if the deviations are regularly distributed. The 
term "modulated structure" has been introduced for quite a number of different wave-like 
deviations, e.g. displacive modulations of an undistorted crystal structure, modulations of the 
occupation of certain atomic sites, of the charge density or of the spin density. As in the case 
of composite crystals, the modulated structure is imbedded in a space of dimension higher than 
3. In addition to the normal positional space of three dimensions, the existence of an internal 
space ofd freedom dimensions i assumed (d = 1,2 or 3). Then a clear mathematical description 
of the symmetry properties of the modulated structure as well as of its X-ray diffraction pattern 
becomes possible. The (n + d)-dimensional extended pattern (the supercrystal) is periodic in 
(3 + d) dimensions, i.e. it has a (3 + d)-dimensional space group. The modulated structure 
itself is a three-dimensional section of the supercrystal. The observed X-ray diffraction pattern 
may be understood as a projection of a (3 + d)-dimensional pattern onto a three-dimensional 
space. Figure 5 illustrates a one-dimensional model of a modulated structure. Some observed 
modulated crystal structures have been quoted and discussed by Janner and Janssen[5]. 
2.2 Color symmetry, black and white groups 
A normal symmetry operation transforms any point of space into a fully equivalent point. 
In the generalization under discussion equivalent points may differ with respect o a certain 
property. Colors are a convenient property for illustration and easy perception. Any generalized 
symmetry operation is connected with a certain permutation of the colors. 
In the simplest case, there are only two colors, black and white. Figure 6 shows a black- 
and-white body. Half of the points are white and the other half are black. Normal symmetries, 
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Fig. 5. One-dimensional model of displacivc modula- 
tion of a structure. (a) Undistorted structure; (b) modu- 
lation wave; (c) modulated structure. Fig. 6. Body with black-and-white symmetry. 
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e.g. rotations by an angle of 120 °, transform the body as a whole into itself and any point of 
the body into a point of the same color. In addition to the symmetries, "antisymmetries" may 
be considered, which also transform the body into itself, but which interchange the colors. A 
rotation by an angle of 60 ° about he central axis of the body obviously has this property. It is 
interesting that the number of symmetries of the body equals the number of antisymmetries. 
For the body of Fig. 6, the symmetry group has the order 12. The symmetries are as follows. 
Symmetries: 
Identical mapping; 
Rotations about the central axis by angles of 120 ° and 240 ° , respectively; 
Inversion in the centre of gravity; 
Roto-inversions with rotation angles of 60 ° and 300 °, respectively; 
Three rotations by 180 ° about axes through the midpoints of the side edges; 
Three reflections in planes containing the central axis. 
Antisymmetries: 
Rotations about the central axis by angles of 60 °, 180 ° and 300 °, respectively; 
Reflection in a plane perpendicular to the central axis; 
Roto-inversions with rotation of 120 ° and 240 °, respectively; 
Three rotations by 180 ° about axes through the centre of the side faces; 
Three reflections in planes containing the central axis and side edges. 
Symmetries and antisymmetries together form a group with an order of 24. The product of two 
antisymmetries is again a symmetry. 
All possible black-and-white space-group types of the three-dimensional Euclidean space 
have been derived by Zamorzaev[6] and Belov et al.[7] in the 1950s. The 1651 different types 
have been tabulated by Koptsik[8] and are named Shubnikov groups to honor A. V. Shubnikov, 
who introduced the idea of antisymmetry into crystallography. 
Black-and-white symmetry has been used to characterize crystal structures with special 
electric or magnetic properties. Manganous fluoride, for instance, has an antiferromagnetic 
structure (Fig. 7). Disregarding the magnetic property, the space group (type) is P42/mnm. The 
magnetic moments of the manganese atoms at 0, 0, 0 are antiparallel to the moments at ½, ½, 
½. The fluorine atoms have no magnetic moment. The structure of MnF2, including the magnetic 
properties, may be described by a black-and-white group. Half of the coincidence operations 
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Fig. 7. Magnetic structure of MnF2. Fig. 8. A fictitious molecule with partial symmetries. 
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metry operations are marked by a prime, the symbol of the Shubnikov group is P4~/mnm' 
(compare [8,9]). 
2.3 Partial symmetries, groupoids 
Classical symmetries transform a body or an infinitely extended crystal structure as a whole 
into itself. The generalization now to be discussed also includes coincidence operations restricted 
to a part of the body or structure. The simple fictitious molecule of Fig. 8 is used to discuss 
the basic idea of this generalization. I  Fig. 8 the regularity of the distribution of atoms is only 
partly reflected by the symmetry group of the molecule. Obviously, the molecule consists of 
two parts (triangles) and three kinds of coincidence operations may be considered. 
• Total symmetry operations transforming the whole molecule into itself, e.g. the inversion in 
the centre of gravity of the molecule. 
• Local symmetry operations transforming one of the two triangles into itself, e.g. rotations 
by an angle of 120 ° . 
• Partial coincidence operations transforming one of the parts into the other one. There is, for 
instance, a rotation by an angle of 60 ° transforming the left triangle into the right one (this 
transformation, however, is not a coincidence operation for the right triangle, because it would 
be transformed into a region outside the molecule). 
The term "symmetry operation" of an object is used for the (total) coincidence operations of 
this object. Accordingly, for a partial coincidence operation, the term "partial symmetry op- 
eration" may be used. Strictly taken, this notion refers to the coincidence operations of the 
second and third type, but if we speak of all partial symmetry operations transforming the left 
triangle into the right one, total symmetry operations are also included. 
The additional coincidence operations referring only to parts of an object under consid- 
eration have been used in crystallography in different situations. The parts of the crystal structure 
may be substructures, each of them infinitely extended over the whole space, similar to the 
case of composite crystals discussed in Section 2.1. The parts may be single molecules, parts 
of molecules, chains of molecules or layers. In all these cases we will use the term partial 
symmetry, although in the literature several other names may be found, e.g. "noncrystallo- 
graphic symmetry" [ 10] or "supersymmetry" [ 11 ]. 
The mathematical notion of a group is adequate not only in the classical case of crystal- 
lographic symmetry groups, but also in the two generalizations discussed in Sec. 2.1. and 2.2. 
If partial coincidence operations are included, a more general notion becomes necessary. In- 
dependently of applications in crystallography, a number of appropriate notions have been 
defined in mathematics: grupoid[12,13], mischgruppe[14], category with invertible morph- 
isms[ 15], inductive groupoid[ 13] and inverse semigroup[ 16]. 
From the mathematical point of view, these notions are equivalent or closely related. The 
definition preferred here is a mixture between the notions "groupoid" and "category." From 
its content a groupoid is a special category. Thus the language can be taken from category 
theory (compare [17]). 
A groupoid G consists of 
(i) A set of objects. 
(ii) Sets [i, j] of morphisms or mappings leading from the object i to the object j. (The 
morphisms are the partial coincidence operations.) 
(iii) A partial composition of morphisms. The morphisms gle[il, j~] and g2~[i2, J2] may be 
composed then and only then, if jl = i2. The product g2g~ belongs to [i~, J2]. (The 
composition is the usual composition of mappings). Furthermore, the following axioms 
have to be fulfilled. 
(1) Existence of identical morphisms. For any object i, there is a morphism l ~[i, i] with 
l i ' f= f ,  g" li = g, 
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whenever the left sides are defined (li: identical map of the object i). 
(2) Existence of inverse morphisms. For any g~[i, j] there is a g-le[j, i], and 
g.g - i  = lj g-lg = li. 
(As the partial symmetry operations are 1:1 mappings the inverse mapping is again a partial 
symmetry operation). 
(3) Associative law. g3(g2gO = (g3g2)gl, if the products are defined. (For mappings, the 
associative law is always fulfilled). 
In the example of the fictitious molecule of Fig. 8, there are two objects, the two triangles. 
Obviously, the set of all partial symmetry operations transforming the two parts of the fictitious 
molecule into each other forms a groupoid. The following three sections of this paper deal with 
applications of partial symmetries to real problems in crystallography. 
3. PARTIAL SYMMETRIES IN MOLECULAR CRYSTALS 
Crystal structure determination consists of finding the spatial distribution of atoms in 
crystals. Usually, this starts from the determination f the symmetry of the crystal. If lattice 
constants and space-group type are known, the positions of the atoms in a so-called asymmetric 
unit have to be determined. Particularly in biological macromolecules, the asymmetric unit 
contains a great number of atoms and the determination of the structure is very difficult. 
Therefore, any additional information which simplifies this task is used. This refers especially 
to partial symmetries. Proteins, for instance, frequently crystallize with several identical mol- 
ecules in the asymmetric unit. Some very large biological macromolecules, such as viruses, 
exhibit a high degree of partial symmetry, i.e. contain multiple copies of a certain protein 
subunit[18]. Satellite tobacco necrosis virus, for instance, has 60 identical subunits in its pro- 
tective coat. Southern bean mosaic virus contains 30 protein subunits in the crystallographic 
asymmetric unit. The occurrence of partial symmetries in biological macromolecules is not 
accidental. It follows from evolutionary influences which favour energetically stable structures. 
Partial symmetries may occur not only in case of proteins and viruses, but also in less 
complicated structures. Zorkii[19], for instance, has quoted 20 examples of structures with 
partial symmetries. Most of them contain two identical molecules in the asymmetric unit. Other 
examples are known with a symmetry of the molecule which is not incorporated into the crystal 
lattice, i.e. does not belong to the space group of the crystal. In the following, partial symmetries 
of molecular crystals will be demonstrated with an example of moderate complexity. 
Kulpe et al. [20] have determined the structure of an ytterbium complex, C72HeoN30~sP6Yb. 
The unit cell contains four molecules; one of them is given in Fig. 9. Each molecule consists 
of 160 atoms and is asymmetric, i.e. there is no nontrivial operation transforming the molecule 
as a whole into itself. There are, however, quite a number of partial symmetries. The molecule 
may be considered as consisting of 13 parts: a central part consisting of the 28 noncarbon and 
nonhydrogen atoms of the molecule and the 12 phenyl rings C6H 5 (Fig. 10). The central part 
has in good approximation the symmetry D3 (32), i.e. there are rotations by angles of --_ 120 ° 
and three rotations by angles of 180 °. The order of the symmetry group of the central part is 
6. Each phenyl ring has the symmetry C2~. (mm2). The consideration of partial symmetries has 
two advantages: the complexity of the fairly large molecule decreases, and the number of 
parameters necessary for the description of the structure drops considerably. 
4. POLYTYPIC STRUCTURES, THE OD THEORY OF DORNBERGER-SCHIFF 
The notion polytypism was coined by Baumhauer[21] in 1915 in connection with the 
investigation ofdifferent modifications of silicon carbide. Other prominent polytypic substances 
are zinc sulfide, cadmium iodide and micas. The main feature of polytypic substances i that 
they consist of layers periodic in two dimensions. The layers may be stacked in different ways. 
For any next layer two or more different positions are possible. Thus an infinite number of 
stacking variants is theoretically possible. For the substances mentioned above, many different 
ordered arrangements of layers have been observed. For some hundreds of substances (elements, 
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Fig. 9. Representation f a molecule of C72H6oN3OisP6Yb. 
alloys, inorganic and organic compounds) several polytypic modifications have been found. 
Nonperiodic, i.e. disordered, stacking variants do also exit, often in coexistence with ordered 
stackings. Thus, it is justified to denote polytypic substances a  order--disorder structures (OD 
structures). 
The OD theory of Dornberger-Schiff[22-24] explains the phenomenon of polytypism by 
the presence of partial symmetry operations and uses these partial symmetry operations for an 
adequate description of symmetry and as a powerful tool in the determination of the atomic 
structure of such substances. 
(a) (b) 
Fig. 10. Central part and one of the phenyl rings of the molecule of Fig. 9. 
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To illustrate an OD structure, let us regard the most typical polytypic structure, silicon 
carbide. In SiC any layer of the structure consists of the close-packed layer of C atoms with 
one Si atom below each C atoms at a distance of 1.89/~ (Fig. 11). If one layer, say L0, is 
fixed, then the atoms of the next layer may occupy one of two possible positions. Any layer 
is transformed into thenext one by a translation, either to the left or to the right. The symmetry 
relations of neighboring layers may be seen in Fig. 12. Any layer has the symmetry P(6)mm. 
The threefold axes and one of the mirror planes are common to all layers. But the other mirror 
plane is valid only for one particular layer. It is a partial symmetry operation. This partial 
reflection transforms the two possible positions of L~ into each other. Thus, the existence of 
the partial reflection may be considered as the reason for the fact that the position of the next 
layer is not uniquely determined. 
Generally speaking, the phenomenon of polytypism is connected with three conditions. 
• The influence of the next-but-one layer on the position of a layer may be neglected. 
• There are two or more geometrically equivalent ways in which neighboring layers may be 
arranged with respect o one another. 
• For two different layers of the same kind, say Li and Lj, the relative position of Li to its 
adjacent layers is the same as the relative position of the layer L~ to its adjacent layers. 
In detail: Li is of the same kind as Lj means that there is a coincidence operation transforming 
Li into Lj. Let us suppose [Fig. 13(a)] that the upper side of Lg is transformed into the upper 
side of Lj. Then there exists a motion that brings the pair (L~_ j, Li) into coincidence with 
(Lj-1, Lj). Moreover, there exists a motion that brings the pair (Li, L~+I) into the pair (Lj, 
Lj÷ 1). If, on the other hand, a partial symmetry operation transforms the upper side of Li into 
the lower side of L, [Fig. 13(b)], then there exist motions which transform (Le_ ~, L~) into (Lj, 
Lj+ t) and (L~, Li+ i) into (Lj_ ,, Lj), respectively. From these considerations we may draw the 
following conclusions: 
• For a polytypic structure, (strictly) partial symmetry operations always exist. 
• The symmetry of a polytypic structure (OD structure) may be characterized by the groupoid 
formed by all partial symmetry operations transforming layers into each other. 
5. DESCRIPTION OF THE SYMMETRY OF AN OD STRUCTURE 
We know that the symmetry of an OD structure may be described by a groupoid. But this 
groupoid is infinite and it is necessary to characterize it by a finite number of data. To illustrate 
how this can be done, we will return to the example of SiC. 
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Fig. 13. Relation between layer pairs in an OD structure. 
The description of the symmetry of any SiC polytype may be split into two parts. One 
part describes the stacking of the layers. Different notations for characterizing the stacking have 
been developed. H~igg's notation describes the two stacking possibilities by + and - ,  so that 
for instance the polytype 6H is characterized by + + + - - - ,  or more succinctly by the 
Zhdanov symbol (33) (see [25]). The second part describes the symmetry data common to all 
SiC polytypes. This second part is formed by the layer group and the possible translational 
vectors leading from one layer to the next one. 
For any polytypic substance, the symmetry may be described similarly to the case of SiC. 
It is possible to separate the stacking. The idea of stacking is finding out which of the possible 
positions of a layer is really occupied. The first notations for the stacking have been developed 
for SiC and may be used for quite a number of other polytypic substances. Symbols for more 
complex polytypic substances have been proposed, e.g. by Zvyagin[26] and Fichtner[27]. 
General rules for the construction of polytype symbols have been developed by Dornberger- 
Schiff, l)urovi~ and Zvyagin[28] and have been recommended foruse by the International Union 
of Crystallography[29]. 
The second part has been named the symmetry principle, because it describes the features 
common to all structures of a polytypic substance, ordered as well as disordered. To this second 
part belongs the symmetry of a single layer. The layer group may be described by the layer- 
group type and the net constants a, b, ~. In addition, to the second part belong all partial 
symmetry operations transforming adjacent layers one into another. Any partial symmetry 
operation may be split into a homogeneous part and into parameters describing the translational 
part. 
The notion OD groupoid family covers the layer-group type and the homogeneous parts 
of the partial symmetry operations transforming different layers one into another. Thus, the 
symmetry principle consists of two parts, OD groupoid family and parameters a  shown in the 
following scheme: 
Symmetry of an OD structure 
(groupoid of partial symmetry operations) 
symmetry principle stacking 
OD groupoid family parameters 
(a, b, "y, Co, r, s, r', s') 
The notion OD groupoid family may be compared with the notion space-group type. As in the 
case of space-group types, the number of OD groupoid families is finite. For OD structures of 
one kind of layers, there are 400 OD groupoid families[30]. 
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6. GENERALIZATIONS OF THE DEFINITION OF A CRYSTAL 
For a very long period, crystals had been understood as homogeneous and anisotropic solid 
bodies bounded by plane faces. The investigation of the atomic structure of crystals resulted in 
a revision of this definition. The three-dimensional periodicity of the inner structure became 
the outstanding and defining property of crystals. The outer form played a minor role. 
Disordered structures of polytypic substances as well as the incommensurate modulated 
structures are not covered by this definition and suggest afurther evision. Dornberger-Schiff[24] 
writes as a result of the study of OD structures "that the classical definition as a body with 
three-dimensional periodicity (disregarding dislocations and other local defects) may have its 
shortcomings; properly speaking, it is not truly atomistic, although it refers to atoms: periodicity, 
by its very nature, makes statements on parts of the body which are far apart, whereas the 
forces between atoms are short range forces, falling off rapidly with distance. A truly atomistic 
crystal definition should, therefore, refer only to neighboring parts of the structure, and contain 
conditions understandable from the point of view of atomic theory" (compare also [31]). 
Janner and Janssen[5] see the problem of defining a crystal from another point of view: 
The Euclidean symmetry of an incommensurate crystal phase is fairly low (e.g. no three- 
dimensional lattice periodicity is possible) and does not explain the regularities of the diffraction 
pattern: main reflections, satellites, systematic extinctions, a.s.o. Therefore the three-dimen- 
sional Euclidean symmetry is a bad characterization of the crystal in question. But then the 
question arises: Which symmetry is a "good"  one? In order to give an answer to this question 
the concept of internal dimensions is introduced. 
• . . A crystal is defined by requiring for its density function p(r) a Fourier decomposition 
of the form 
p(r) = ~ I5(k) e it~r 
kE?.M* 
with M* - Z 3+d, a so-called Z-module of rank 3 + d and dimension 3. 
The classical case is included with d = 0. 
At present, a generally accepted new definition of the notion of a crystal is still lacking 
and certainly far away. There is, however, no doubt that OD structures, modulated structures 
and magnetic structures are special crystal structures. Therefore, OD groupoids and black-and- 
white groups, as well as certain symmetry groups in higher-dimensional spaces, have become 
part of modern crystallographic symmetry theory. 
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